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I. INTRODUCTION
A variety of technological applications, including magnetic field sensors, magnetically controlled optoelectric devices, and magnetoelectric memories have motivated the study of magnetoelectric (ME) coupling in materials and composites. 1, 2 The magnetoelectric coupling was predicted by Landau and Lifshitz 3 and observed by Astrov 4 and by Rado and Folen 5 over fifty years ago. However, the coupling is weak in single-phase materials, and this has motivated the study of composites of piezoelectric (PE) and piezomagnetic (PM) media. The idea is that the applied magnetic field causes a deformation of the piezomagnetic material, which in turn induces a deformation in the piezoelectric material, thereby inducing an electric field.
The performance of a piezoelectric/piezomagnetic composite depends on the micro-geometry of the phase, since one has to provide effective strain coupling and avoid electromagnetic shielding. This has motivated a number of micromechanical models to predict the effective moduli of multiferroic composites. For example, Nan 6 and Huang and Kuo 7 used the Green's function method to study a fibrous composite consisting of BaTiO 3 and CoFe 2 O 4 . For such transversely isotropic fibrous composites, Benveniste 8 derived exact connections among effective magnetoelectroelastic moduli based on a formalism of Milgrom and Shtrikman. 9 Particulate composites were investigated by Harshé et al.
10 using a cubic model. The classical Eshelby's approach and the mean-field Mori-Tanaka model have been generalized to multiferroic composites by Li and Dunn, 11, 12 Huang, 13 Wu and Huang, 14 Huang and Zhou, 15 and Srinivas et al. 16 Nan et al. 2 provide an extensive review of the literature and the state of the art.
However, much of this work is for two-phase composites. Recently, some three-phase piezoelectric and piezomagnetic composites were made experimentally or theoretically to enhance the ME coupling. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] Among the three-phase heterogeneous media, the coated inclusion composite is a special and interesting case. The coating, a thin layer of the third phase intervening between an inclusion and the matrix, may be due to mechanical imperfections or deliberated introduction. A relatively small volume fraction of interphase, however, may play a crucial role in determining the overall response of the composite. Available solutions of problems of this kind can be found in the papers by Kuo, 27 Kuo and Pan, 28 and Dinzart and Sabar. 29 Kuo 27 and Kuo and Pan 28 considered multiferroic composites with coated circular/elliptic fibers under anti-plane shear with in-plane electro-magnetic fields. They developed their solutions by extending the classical Rayleigh's formulation on periodic conductive composites. On the other hand, Dinzart and Sabar 29 used Green's functions techniques, interfacial operators, and Mori-Tanaka's model for solving the magneto-electro-elastic, inhomogeneous, coated inclusion problem.
In the work of Friebel et al. 30 they proposed two-level recursive scheme and two-step method together with MoriTanaka or double-inclusion mean-field models as the homogenization approaches to investigate the effective property of viscoelastic composites containing multiple phases of coated inclusions. This work concerns single fields. In this paper, we apply the two-level recursive scheme in conjunction with Mori-Tanaka method to multiple couple fields, specifically electrostatic, magnetostatic, and mechanical.
The plan of this article is organized as follows. We consider a composite medium made of piezoelectric and piezomagnetic phases arranged in a microstructure consisting of coated spheres in a matrix in Sec. II. We begin by considering the constitutive equations and field equations of this heterogeneous material in Sec. 4 , and Terfenol-D as the core, shell, and matrix phases, respectively. We first compare the predictions between the micromechanical approach and finite element analysis. Both magnitudes and trends are in good agreement. Following that, we improve the ME coupling effect by tuning the material parameters. We show that significant enhancement can be achieved with appropriate coating to the particles, and useful design principles are proposed to enhance the coupling effect.
II. MICROMECHANICAL MODEL

A. Basic equations
Consider a three-phase particulate composite made of piezoelectric and piezomagnetic materials. The composite is consisting of a continuous matrix phase, m, in which there are embedded inhomogeneities of a spherical core phase, c, and a shell phase, s, which represents a layer of coating that encapsulates each particle of the core phase (Fig. 1) . The radii of the core and shell are a and b, respectively, and the ratio between them is defined as c a=b. 
where r, D, and B are the stress, electric displacement, and magnetic flux, respectively; e, E, and H are the strain, electric field, and magnetic field. C, e, and q denote the elastic stiffness, piezoelectric constant, and piezomagnetic moduli; j, l, and k denote the dielectric permittivity, magnetic permeability, and the magnetoelectric coefficient, respectively. The superscript t denotes the transpose of the matrix. When the standard matrix notation for tensors is adopted, we can rewrite the constitutive equations in a compact form as
with
The components of the strain e, electric field E, and magnetic field H are expressed in terms of the displacement u, electric potential u, and magnetic potential w by
In the absence of body forces and electric and magnetic charges, the following equilibrium equations:
must be satisfied. In addition to these differential equations, we have to use interface and boundary conditions. We assume that the interfaces are perfectly bonded, and therefore, the fields satisfy
where ½½Á denotes the jump in some quantity across the interface and n is the unit normal to the interface.
B. The effective moduli
In this study, we are interested in determining the macroscopic properties for a situation where we have a large number of inclusions. The effective properties of the composite are defined in terms of average fields,
where the angular brackets denote the average over the representative volume element (RVE; unit cell in the case of periodic composites),
and L * denotes the effective magnetoelectroelastic parameters of the composite. Here, V is the volume of RVE. Note that, although in each component, the magnetoelectric coefficient is zero, i.e., k ¼ 0, the coupling effect k * of the composite may be non-zero.
To estimate the effective moduli of multiferroic composites, we turn to a micromechanical model for this purpose. We first employ the two-level recursive scheme based on the idea that the matrix sees coated particles that are themselves composite. This procedure was first used to predict the behavior of viscoelastic composites containing multiple phases of coated inclusions. 30 As illustrated in Fig. 2 , each coated particle is seen (deepest level) as a two-phase composite, which, once homogenized, plays the role of a homogeneous inclusion for the matrix material (highest level). Further, at each level, we resort to the Mori-Tanaka approach in predicting the effective moduli of the corresponding two-phase composites. The key assumption of the Mori-Tanaka model, which is essentially a mean-field method, is that the average field in the rth inclusion of the heterogeneous material is equivalent to the field in a single particle embedded in an infinite medium, with the unknown average field in the matrix applied at the boundary. 11, 12 Using this model, at the deepest level, the coated inclusions are seen as a two-phase composite with effective moduli,
Here, f is the volume fraction, A MT is the generalized strain concentration tensor, and the subscripts c, s, and i represent core, shell, and inclusion (core plus shell), respectively. The concentration tensor can be determined as
with the dilute concentration tensor A dil c given by
where I is the identity matrix and S c is the generalized Eshelby tensor for the core phase, which is a function of the magnetoelectroelastic moduli of the shell, and the shape and orientation of the core. For a fibrous or penny-shaped particle, the closed form expressions for this Eshelby tensor were derived by Li and Dunn. 11 For particles with spherical or more general shape, we turn to a numerical algorithm proposed by Li. 17 At the highest level, the effective coated inclusions play the role of reinforcements and, similarly, we obtain the effective behavior
where the subscript m denotes the matrix. Again, the concentration tensor can be determined as
with the dilute concentration tensor
Here, S sc is the generalized Eshelby tensor for effective coated particles, which is a function of the moduli of the matrix and the shape and orientation of the coated inclusion (core plus shell).
III. FINITE ELEMENT ANALYSIS
In this section, we introduce finite element analysis, which is used for comparison with the above micromechanical approach. We first choose an appropriate representative volume element (RVE), a periodic unit cell which captures the major features of the underlying microstructure. There are fourteen lattice types to pack spheres a regular array in space. 32 Here, we concentrate on the cubic system, specifically, the face-centered cubic lattice.
Because of the periodicity in the composite structure, the displacement, u, electric potential, u, and magnetic potential, w, in any point of the unit cell can be expressed in terms of those at an equivalent point in another RVE, such that the following periodic boundary conditions should be satisfied:
Uðd; x 2 ; x 3 Þ ¼ UðÀd; x 2 ; x 3 Þ þ hU ;1 i2d; Uðx 1 ; d; x 3 Þ ¼ Uðx 1 ; Àd; x 3 Þ þ hU ;2 i2d; Uðx 1 ; x 2 ; dÞ ¼ Uðx 1 ; x 2 ; ÀdÞ þ hU ;3 i2d:
Here, U can be the component of the displacement, u, electric potential, u, or the magnetic potential, w, and 2d is the side length of the unit cell. The comma in the subscript denotes the partial derivative.
To determine the effective properties of the above periodic multiferroic composite, the strain, e, electric field, E, and magnetic field, H, states are applied individually to the unit cell. The periodic boundary conditions have to be applied to the unit cell in such a way that, apart from one component of the strain, electric field, or magnetic field, hZi, in (7), all other components are made equal to zero. For example, by applying a uniaxial strain state, say he 11 i ¼ 1, and all of the other averaged terms to be zero, one can obtain the corresponding effective properties easily through (7). 20 We perform the finite element analysis using the software COMSOL Multiphysics.
IV. NUMERICAL RESULTS AND DISCUSSION
As a numerical example, we consider the case of a PE cores-coated PM shell in a PM matrix. We first choose BaTiO 3 shell phase, and Terfenol-D (TD) as the matrix phase and denote the composite as BTO/CFO/TD for simplicity. They are all transversely isotropic with 6 mm symmetry. The independent material constants are listed in Table I in Voigt  notation. 12,33-36 Note that, in all materials, the magnetoelectric coefficients, k, are zero.
In our study, we are more interested in the effective magnetoelectric response. For the linear case of piezoelectric and piezomagnetic materials, the induced voltage is proportional to the applied magnetic field, and the constant of proportionality is the effective ME voltage coefficient. It combines the magnetoelectric and dielectric coefficients and is defined by a
. Specifically, we focus on the in-plane ME voltage coefficient a Ã E;11 and the out-of-plane constant a Ã E;33 : Figure 3 shows how the ME voltage coefficients depend on both the inclusion volume fraction, f i , and the ratio of radii, c, for the BTO/CFO/TD three-phase multiferroic composite. In the micromechanical approach, there is no upper limit on the volume fractions, since Mori-Tanaka's method is a mean-field theory. On the other hand, the finite element analysis is run for discrete volume fractions and stops around 0.74 when the inclusions touch. The overall magnitudes and trends agree well between the two approaches. The curves vary non-linearly with volume fraction, which initially increase with increasing volume fraction, then reach a maximum before dropping just as the coated inclusions close to fulfill the matrix. Further, the ME effect increases with increasing the ratio of radii, c, for a fixed volume fraction before close to touching. For comparison, we also show the effective moduli of the composite made by the corresponding two-phase medium (BTO/TD). It shows that the ME voltage coefficient in the coated particulate composite can be indeed increased compared to its two-phase counterpart. In the former, the maximum coefficient a Ã E;11 is À6.8 V/cmOe with c ¼ 0.8, and this is as much as four times higher than the value of À1.71 V/cmOe of the BTO/TD composite. For ME voltage coefficient a Ã E;33 ; the maximum value of À5.5 V/cmOe is almost 1.7 times higher than À3.2 V/cmOe, which is the value of the corresponding two-phase composite.
Finally, Fig. 3 also compares the effective ME moduli with those predicted by the direct Mori-Tanaka method for the case c ¼ 0.8. The direct Mori-Tanaka method approximates the coated particle problem using a composite with distinct particles representing the core and shell phases. Following the standard derivation, one can show that 
FIG. 3. (Color online)
The predicted ME voltage coefficients vs the volume fraction of inclusion, f i , and radius ratio, c, of a BTO/CFO/TD (core/shell/matrix) three-phase composite: (a) ME voltage coefficient a where
and
Here, S j again is the generalized Eshelby tensor, a function of the moduli of the matrix, and the shape and orientation of the core (j ¼ 1) or shell (j ¼ 2). It is observed that the prediction deviates largely from those determined by the finite element analysis. Therefore, the direct Mori-Tanaka method is not good in estimating the coupling constants, although calculations show that they evaluate elastic stiffness well.
FIG. 4. (Color online)
The predicted ME voltage coefficients vs different material parameters. The composite is made of piezoelectric core phase, piezomagnetic shell phase, and piezomagnetic matrix phase. The volume fraction of each phase is 1/3. The normalized ME voltage coefficient a Ã E;11 =a 0 E;11 vs (a) normalized elastic constants C r,Core , C r,Shell , and C r,Matrix ; (b) normalized piezoelectric coefficient of PE core, e r,Core , and piezomagnetic coefficients of PM shell, q r,Shell , and matrix, q r,Matrix ; (c) normalized dielectric permittivities, j r,Core , j r,Shell , and j r,Matrix ; and (d) normalized magnetic permeabilities, l r,Core , l r,Shell , and l r,Matrix .
We now turn to study how the effective ME voltage coefficient depends on the elastic moduli, C PE and C PM , dielectric permittivities, j PE and j PM , and magnetic permeabilities, l PE and l PM , of the PE and PM materials, piezoelectric coefficient, e PE , of the PE material, and piezomagnetic coefficient, q PM , of the PM material. For ease of comparison, we choose the material properties of BTO and CFO as the reference and define the normalized material properties of the PE and PM phases as
and, likewise, are e r,Core , q r,Shell , q r,Matrix , j r,Core , j r,Shell , j r,Matrix, l r,Core , l r,Shell , and l r,Matrix . Note that all the components of the material constant are magnified simultaneously for simplicity. Below, we numerically compute the ME voltage coefficient a Ã E;11 and its dependence on the normalized material properties of core (PE), shell (PM), and matrix (PM) phases. Figure 4 shows the contours of the relative effective ME voltage coefficient a Fig. 4(a) , the vertical and horizontal axes represent the normalized elastic constants of core and shell phases, while the variation of the matrix's elastic constant is shown by different subplots (a-1, a-2, and a-3). The other material constants are fixed, as those of BTO for PE phase or CFO for PM phase. It is observed that the ME voltage coefficient increases when any one of the core, shell, or matrix's elastic constant decreases. Therefore, softer PE and PM materials are preferred for improving the ME voltage coefficients of PE/PM/PM three-phase composites. Figure  4(b) shows the contours of the effective ME voltage coefficient versus the piezoelectric and piezomagnetic constants. For a fixed normalized piezoelectric coefficient, the ME voltage coefficient increases monotonically as either the shell or the matrix's piezomagnetic coefficient increases. However, for fixed normalized piezomagnetic coefficients of the shell and matrix phases, and as the piezoelectric coefficient increases, the coupling increases first and decreases after certain optimal e r,Core ¼ 3.4. Therefore, a larger piezomagnetic coefficient of either shell or matrix phase, but a nontrivial optimal piezoelectric constant are preferred for improving the ME effect of composites of three-phase multiferroic composites. Figure 4(c) shows the contours of the ME coupling versus the normalized electric permittivities of PE and PM phases. We observe that the smaller the PE core's permittivity, the larger the ME voltage coefficient. However, the PM permittivities, j r,Shell and j r,Matrix , do not influence the ME effect much. Figure 4(d) shows the contours of the coupling constant versus the normalized magnetic permeabilities in logarithmic scale. We observe that increasing the PE core's and PM shell's magnetic permeabilities enhances the ME voltage coefficient, and on the contrary, increasing the PM matrix's magnetic permeability, l r,Matrix , lowers the ME voltage coefficient. However, for the piezoelectric phase, which is not magnetically ordered, the smaller permeability does not influence the ME coupling much. For example, as l r,Core ¼ 10 4 , and Terfenol-D as the core, shell, and matrix phases, since LNO has lower dielectric permittivity and the matrix TD has lower elastic stiffness and magnetic permeability. The material constants of LNO are listed in Table I . Figure 5 shows the ME voltage coefficients, volume fraction, and ratio of radii dependence of LNO/CFO/TD. Significantly, the maximum values are enhanced to À38 V/cmOe and À11V/cmOe for a Ã E;11 and a Ã E;33 ; respectively.
V. CONCLUSIONS
In this work, we have proposed a micromechanical approach, the two-level recursive scheme in conjunction with the Mori-Tanaka method, to compute the effective magnetoelectric response of a core-shell-matrix, three-phase, multiferroic particulate composite. The results are compared with finite element analysis, and the magnitudes and trends between them are in good agreement. We have used it to show that, for the three-phase ME composite, as in the coreshell-matrix setting, the magnetoelectric response can be enhanced by more than an order of magnitude, as compared to the corresponding two-phase counterpart. In addition, for a PE/PM/PM three-phase multiferroic composite with fixed volume fraction and radius ratio, we show that softer materials are desirable for improving the ME voltage coefficient. It FIG. 5 . The predicted ME voltage coefficients vs the volume fraction of inclusion, f i , and radius ratio, c, of a LNO/CFO/TD (core/shell/matrix) three-phase composite, (a) ME voltage coefficient a is desirable to have larger piezomagnetic coefficient and magnetic permeability in the PM shell, larger piezomagnetic coefficient, but smaller magnetic permeability in the PM matrix, and smaller dielectric permittivity, but larger magnetic permeability in the PE core. Further, there exists an optimal value of the piezoelectric coefficient of the PE cores for maximum ME coupling.
In our model, we neglect the low resistance of the magnetic phase compared to the piezoelectric one. The eddy current loss for the magnetic phase can be high, and this may also result in an inefficient magnetoelectric energy conversion, especially in the high-frequency system. 26, 37, 38 However, the loss plays a less significant role in the static case, as we considered here. Further, for the magnetic phase made of a variety of ferrites, which are ferrimagnetic oxides and therefore are electrically insulating, 39 our model can reasonably estimate the overall behavior. At the same time, since the response is frequency-dependent, the analysis becomes significantly more involved. This remains an issue for future work.
